INTRODUCTION
In order to meet the increasing demand for higher transmission bandwidths through single mode optical fibers, using higher bit rates and/or an increased number of wavelength channels, more attention is being paid to suitably tailoring the optical fiber's chromatic dispersion characteristics. Accurate and fast numerical modeling methods are required to design the optimum refractive index profiles for single mode fibers to give specific dispersion characteristics. Modeling enables many refractive index profiles to be investigated and optimized without the need for costly and time consuming experimental fabrication and measurements. Over the past decades, numerous approximate techniques have been developed for the calculation of the dispersion parameters for single-mode optical fibers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and a variety of refractive index profiles were designed and analyzed to achieve the desired dispersion characteristics [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
The dispersion characteristics of an optical fiber, namely the group delay, τ g , dispersion, D, and the dispersion slope, DS, are proportional to the first, second and third-order derivatives of the propagation coefficient, β, with respect to wavelength respectively. Therefore, it is first necessary to calculate an accurate approximation of the propagation coefficient, by solving the scalar wave equation (assuming a weakly guiding optical fiber model), as the accuracy of this approximation determines the accuracy of the derivatives calculated from it. It has been shown that even giving sufficient approximation of the propagation coefficient, some techniques are not accurate enough to obtain its derivatives [1] . One of the most powerful, accurate, yet simple techniques to find the solution of the scalar wave equation is the Galerkin method which in this case coincides with the Rayleigh-Ritz variational method [24] . The Galerkin method [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] has been used to calculate the propagation coefficients and modal fields of optical fibers and rectangular and slab dielectric-waveguides, with the aid of different sets of entire basis functions such as Bessel functions, Laguerre-Gauss or Hermite-Gauss polynomial functions. These have the advantages that: a) they form complete sets of orthonormal functions which satisfy the boundary conditions (the fields are finite at the waveguide axis and decay to zero at an infinite lateral distance from the axis), b) they represent the solutions of a problem with a similar geometry: Bessel functions are the eigensolutions of the scalar wave equations for step-index circular core fibers while Laguerre-Gauss and Hermite-Gauss polynomials are the eigenmodes of an infinitely extended parabolic refractive index profile in circular and rectangular waveguide geometries respectively (see Figure 1(a) ). In addition, the coupling loss between two spliced or connected optical fibers can be easily found by expressing the power transmission coefficients in the form of a weighted sum of simple generalized Laguerre polynomials so that the time consuming and approximate numerical calculation of overlap integrals is avoided [35] .
The Galerkin method has also been used as the mode solver for the dispersion analysis of singlemode optical fibers [2, 3] . For dispersion analysis, in [3] Bessel functions were used as the basis functions and dispersion was calculated by numerical differentiation of the propagation coefficient. Sharma and Banerjee [2] employed Laguerre-Gauss polynomials as the basis functions and proposed an approach based on matrix perturbation theory for the calculation of the first and second derivatives of the propagation coefficient. Numerical differentiation of the propagation coefficient was also used in [4] . Two further approaches for the determination of the dispersion coefficient based on an equivalent transmission-line technique and a variational finite-element formulation were considered in [5, 6] .
If the optical fields are expanded in terms of entire functions such as Laguerre-Gauss polynomials then further analytical work can be carried out based on the results. In this paper, we propose an analytical method for the calculation of the derivatives of the propagation coefficient by directly differentiating the matrix equation resulting from the Galerkin method with Laguerre-Gauss basis functions. The symmetric system of linear equations in the eigenvalue problem is ideally suited to repeated differentiation giving the opportunity to calculate not only the group delay and dispersion, but also the dispersion slope. An analytical approach for the evaluation of the first and second derivatives of the propagation coefficient for photonic crystal fibers was recently reported in [36] where the time required for the calculation of a single dispersion value at a fixed wavelength was about 5 min. To our knowledge, research to date has tended to focus on methods to calculate dispersion and have not included the calculation of dispersion slope. However, for the design of optical fibers knowledge of the dispersion slope is now becoming as important as the knowledge of the dispersion coefficient. In addition, the speed of the calculation technique is quite important if the technique is embedded in an optimization procedure when the fiber characteristics are calculated thousands or hundreds of thousands times. When numerical differentiation (first and higher order finite differences method) is used for the calculation of the propagation coefficient derivatives, then, in addition to introducing approximation errors, the overall method becomes rather slow as in this case the eigenvalue problem is usually solved five times for the determination of dispersion and dispersion slope.
In the proposed method, the computation of the second and third derivatives of the propagation coefficient involves the determination of the first and second derivatives of the eigenvectors for which the eigenvalue problem is solved two more times. Thus, in the present approach, the eigenvalue problem is solved in all only three times while giving the derivatives free of errors related to approximate differentiation. The idea is to combine a very fast and effective mode solver of the scalar wave equation with exact differentiation to achieve better accuracy and obtain an effective method for the calculation of dispersion characteristics. Although the initial analytical differentiation of the matrix elements is cumbersome this only needs to be done once and the details are provided explicitly in this paper. After it has been programmed, the approach gives a fast technique for calculation of the dispersion characteristics of single-mode optical fibers. This paper demonstrates such a computer program employed for analyzing the dispersion of single-mode optical fibers with radially arbitrary refractive index profiles. The wavelength dependence of the refractive indices of the core and cladding materials are incorporated in the model so that the program calculates the total chromatic dispersion; the program can also calculate the dispersion properties of the waveguide alone when the material wavelength dependence is ignored.
The paper is laid out as follows: Section 2 provides the theoretical principles underlying the technique by first giving a brief review of fiber dispersion parameters and describes the proposed method for their calculation. Section 3 presents the simulation results and discusses the validity of the approach and compares the simulation results to available exact, experimental and published data. The paper concludes in Section 4. The paper also contains two appendices with differentiation details of the matrix elements and the short description of the Galerkin method applied to optical fiber model to aid the reader.
MODELING METHOD MATHEMATICAL FUNDAMENTALS

Optical Fiber Dispersion Parameters: Group Delay, Dispersion, and Dispersion Slope
The wavelength or frequency-dependent nature of dispersion is described by the group delay time, τ g , per unit length. This group slowness is the reciprocal of the group velocity, υ g , at which a pulse propagates through the fiber [37] :
The dispersion, D, per unit length is defined as [37] 
where c is the speed of light in a vacuum. This formula can also be used for the calculation of material dispersion, D m , if β/k 0 is replaced by the material refractive index n(λ) [13] :
One often defines the single-mode waveguide dispersion, D w , as the dispersion obtained from the scalar wave equation by neglecting the wavelength-dependence of the refractive indices of the materials of the fiber. Subsequently, the total dispersion D is then approximated as the sum of the material dispersion, D m , and waveguide dispersion, D w , i.e.,
This paper proposes that the total dispersion, D, be calculated instead by using Equation (2) . Subsection 3.4 compares the result of calculating the total dispersion, D, using Equation (2) with the result calculated using the approximation D m + D w in Equation (4) for a variety of single mode fibers of different designs. For wavelength division multiplexing, WDM, the next (third) order derivative becomes important. It is called the dispersion slope which is the derivative of the dispersion, D, with respect to wavelength [13] :
In the presence of only the dispersion slope, a pulse suffers asymmetric distortion [13] .
The Proposed Method: Calculation of Single-Mode Fiber Dispersion Characteristics
The application of the Galerkin method to a weakly-guiding optical fiber model is described in full detail in [25] by Meunier et al. Here we recall that the method results in a matrix eigenvalue problem
where A is a real symmetric matrix, β the propagation coefficient, and the components of the eigenvectors c represent the mode field expansion coefficients in terms of basis functions. Below, the proposed algorithm for the calculation of dispersion characteristics of single-mode fibers is presented. As shown in Subsection 2.1, the first, second and third order derivatives of the propagation coefficient with respect to wavelength (or frequency) are needed to calculate the group delay, τ g , dispersion, D, and the dispersion slope, DS. To obtain these derivatives we directly differentiate matrix Equation (6) and the condition for the normality of the eigenvector c = 1 or c T c = 1,
with respect to frequency, ω; here c T is the transpose of c. All of the terms in Equation (6) A, β 2 and c depend on the angular frequency, ω. So, differentiation of Equations (6) and (7) with respect to ω gives
and
Multiplication of (8) by c T on the left results in
which, due to (7) and c T (A − β 2 I) = 0 (this is due to the symmetry of A), gives
or equivalently,
This is the first derivative of the propagation coefficient. To calculate it we need to find dA/dω, the derivative of matrix A, which we do by differentiating the terms of A analytically.
Similarly, by differentiating now Equation (8), we have
Multiplying the last equation by c T on the left and taking into account Equations (7) and (9) and that c T A − β 2 I = 0, we derive
Then the last expression is used to calculate the second derivative of the propagation coefficient
Finally, we differentiate now Equation (13)
Again, multiplying this by c T on the left and taking into account Equations (7) and (9) and that c T A − β 2 I = 0, we get
And the third derivative of β is calculated by
Equations (15) and (18) are derived by repeated differentiation (with respect to frequency) of
From Equations (14) and (17) it can be seen that the second and third derivatives of β require the first, second and third derivatives of A and the first and second derivatives of the eigenvector c. There are various techniques designed to calculate eigenvector derivatives of real symmetric eigensystems, two of such methods are described, for example, in [38, 39] . The second and third derivatives of matrix A are defined by repeatedly differentiating the terms of matrix A. This is described in the next Subsection, 2.3, and in Appendix A "The derivatives of the matrix elements".
Derivatives of the Matrix A
Appendix B provides the short description of the theory developed by Meunier et al. [25] that applies the Galerkin method to optical fiber model and shows how the symmetric matrix A in Equation (6) is obtained. The matrix has terms
where k 0 is the free-space wavenumber, b m i (x(r)) are the Laguerre-Gauss basis functions, m is the azimuthal mode number, δ ij is the Kronecker delta, and
, V is the normalized frequency defined as
cl , n co and n cl are the refractive indices at the core center and the cladding of the fiber, respectively, x is the normalized radial coordinate x(r) = V (r/r 0 ) 2 , r 0 is the core radius, L m i (x) are generalized Laguerre polynomials, and n(r) is the refractive index profile of the fiber which is expressed by:
where the profile function f (r/r 0 ) is normalized so that f (0) = 0 and f (1) = 1; the first three derivatives of f (r/r 0 ) with respect to its argument, r/r 0 , are used when the matrix equation in (6) is repeatedly differentiated with respect to ω (this is because in Equation (22) the argument of function f is frequency dependent). Figure 1 (a) shows the reference infinitely extended parabolic profile, n 0 (r), for which the Laguerre-Gauss polynomials are the eigenmodes with the propagation coefficients, (d), is considered in [12] for the design of dispersion compensating fibers. The Sellmeier equations, Equation (A9), are used to take into account the wavelength dependence of the refractive indices of the core and cladding materials [40] .
The expressions for K m ij and β 2 0 are easy to differentiate, although all the constituents k 0 , ∆, V and n 2 co in these expressions are frequency-dependent. The integrals J m ij can be expressed analytically [25] where only V is frequency-dependent, and are also easy to differentiate.
In I m ij , both V and x depend on frequency. The Leibniz integral rule for integrals with variable limits [41] is used for taking the derivatives of I m ij and this process is rather laborious, especially in the case of the third-order derivatives.
To aid the reader the expressions for the derivatives of the matrix elements resulting from this process are provided in Appendix B "The derivatives of the matrix elements".
NUMERICAL RESULTS
A computer program that utilizes the proposed approach was developed to calculate the propagation coefficients, the electric field distributions and the dispersion characteristics of weakly-guiding optical fibers with arbitrary radial refractive-index profiles. Simulations for a range of different refractive index profiles were carried out to test the accuracy and validity of the method. Several examples that have been considered previously in [2, 3, 6, 7, 16, 18] were used for validation. The analysis of the convergence of the proposed method and comparison of its accuracy with that of other methods is given in Subsection 3.2. Subsection 3.3 provides the comparison of the simulation results to the exact data available only for step-index fibers. In the next Subsection, 3.1, our simulated dispersion graphs are plotted. We do not provide comparative graphs as they are visually indistinguishable from those in the above-mentioned research papers. We present here our own graphs except for the example considered in Subsection 3.1 b) where our simulated dispersion is compared to available experimental data from [7] .
Dispersion Graphs
a) The first example is a dispersion-shifted step-index fiber with zero total dispersion at 1.55 µm wavelength and a non-zero dispersion shifted fiber with a triangular profile considered in [2] . Both fibers have pure silica cladding and a 13.5% germania-doped silica core. In Figure 2 (a) the dispersion is plotted against wavelength for both fibers and the graphs are identical to those shown in Figure 1 of [2] . b) Next is an example that compares simulation results with experimental data given in [7] for a depressed cladding fiber with a 3.9% Ge-doped plasma induced chemical vapor deposition (PCVD) silica core region surrounded by a 1% fluorine-doped PCVD silica region that forms the depressed cladding and pure silica outer cladding (the radii are 3.5 and 30 µm). The Sellmeier parameters for germania and fluorine doped PCVD silica are defined according to expressions given in [7] . A good agreement was established between the simulated and experimental data as can be seen from Figure 2(b) . c) A triple-clad fiber with an undoped silica core and F-doped claddings that has two zeros of chromatic dispersion occurring at 1.30 µm and 1.55 µm was designed in [16] . The refractive index profile of the fiber is depicted in Figure 3 (b) with the following parameters: ∆ 1 = 0.63%, ∆ 2 = 0.18% and ∆ 3 = 0.40% and the radii R 1 , R 2 and R 3 equal 4.2 µm, 8.25 µm and 15.0 µm, respectively. The chromatic dispersion of the fiber is represented in Figure 3 (a) by the light green curve.
The dispersion curve, in fact, has three zeros and their sensitivity to the drawing ratio, defined as the ratio of preform diameter to fiber diameter, was analyzed in [16] . For this a radial scale factor, F , was introduced so that increasing F means proportionally increasing the cladding radii R 1 , R 2 and R 3 . The dispersion values were recalculated for slightly changing F from 0.97 to 1.03 using the proposed Figure 3 . (a) Dispersion curves for triple-clad fibers with undoped core and fluorine-doped claddings designed in [16] (in light green color) and [18] (dashed dark green curve); (b) schematic refractive index profile of the triple-clad fiber from [16] ; (c) dispersion curves for the triple-clad fiber for different scale factor, F .
method. The dispersion curves are depicted in Figure 3 (c) and fully concur with the graphs in Figure 2 of [16] . When F = 1, the initial graph in Figure 3 (a) (in light green color) can be obtained. As can be seen from Figure 3(c) , the second zero-dispersion wavelength is much more sensitive to the drawing ratio than the first and third one. It must be noted that this example has already been used in [2, 6] to test their methods and a deviation of the results obtained in [2] from those in [16] was indicated in [6] with the supposition that the deviation may be credited to the choice of basis functions. However, we use the same basis functions as in [2] but unlike [6] we do not observe their deviation which allows us to say that the discrepancy in the results between [2, 16] is not likely to be related to the choice of basis functions.
d) Based on this example, further optimization was considered in [18] to achieve a more flattened dispersion curve. The optimized parameters for this fiber are: ∆ 1 = 0.56%, ∆ 2 = 0.17%, ∆ 3 = 0.40%, R 1 = 4.106 µm, R 2 = 8.133 µm and R 3 = 14.60 µm. We calculated the dispersion curve that one would obtain using these parameter values and obtained the dashed dark green curve shown in Figure 3 (a) which is indistinguishable from the curve plotted in Figure 4 of [18] . here that the higher the value of V (for progressively single, few or multimode fibers), the better the approximation of the guided modes by means of the Laguerre-Gauss basis functions. The cut-off value of V for single-mode propagation in a fiber depends on the fiber's refractive index profile, in particular, V ≤ 2.405 for step-index profile and V ≤ 3.518 for truncated parabolic profile. As a good compromise between accuracy and computation time for these fibers, values of N , the number of basis functions used in the expansion, in the range 16 to 28 can be chosen except for the cases when V is less than 1.2 in which case N must be more than 28 (in fact, in the case when V < 1.4, less than half of the modal power propagates in the core of the fiber [44] ). These guidelines for the number of basis functions are also valid for the computation of dispersion and dispersion slope. The convergence of dispersion and dispersion slope values for the truncated parabolic refractive index and step-index fibers from Figure 4 is shown in Figure 5 . It must be noted that for the truncated parabolic index profile fiber, Figures 5(a), 5(b) , the dispersion and dispersion slope values converge monotonically, which is not the case for the step-index fiber, Figures 5(c), 5(d) , although compared to the truncated parabolic index profile fiber a better approximation of dispersion characteristics is obtained for the step-index fiber even when N is as small as 4. In Subsection 3.3, we will discuss the convergence of the propagation coefficient and the dispersion characteristics of step-index fibers to exact solutions.
The computation time for all series of dispersion and dispersion slope values in the two graphs in Figures 5(a) , 5(b) for λ changing from 1.6 µm to 1.8 µm in steps of 0.05 µm for the number of basis functions N = 16 is 0.09 s (the time is for all 10 values together: 5 values of dispersion and 5 values of dispersion slope). The calculations were performed on an Intel Pentium (R) CPU 2 GHz. Figure 6 compares the values of waveguide dispersion, D w , as a function of wavelength computed using the present method with those obtained using numerical differentiation of the propagation coefficient in [3] for the same step-index single-mode fiber. The refractive index profile of the fiber is embedded in the graph in Figure 6 (a). In [3] , Bessel functions were used as the basis elements for Bessel functions and numerical differentiation [3] by the finite difference method.
the Galerkin method. The graphs show that both methods rapidly converge to the exact solution (the line with solid circles [3] ). Although Bessel functions represent the eigenmodes for step-index profile fibers, our calculation method exhibits better convergence which must be attributed to the analytical differentiation of the matrix equation as opposed to numerical differentiation in [3] . This agrees with the results shown in Figure 5 (c) when for a step-index fiber sufficiently good approximations of the dispersion values can be obtained even for N as small as 4.
Accuracy
The modeled values of propagation coefficient, group delay, dispersion and dispersion slope for a truncated parabolic refractive index profile fiber when the matrix size increases, due to increased numbers of basis functions in the expansion, are tabulated in Table 1 . The fiber design is the same as that previously considered in [2, 6] , and to aid comparison, the dispersion values determined in [2, 6] are included in the table. The method for dispersion calculation in [6] is based on a variational finite-element formulation and quite different from our approach. It is difficult to compare these two methods as computing approximate values is always a trade-off between accuracy and computation time, consequently information about the computation time for the method in [6] must be taken into account for a proper comparison which was not given in [6] . In the present method, the computation time for the values of the propagation coefficient, group delay, dispersion and dispersion slope in Table 1 for N = 25, 35 and 45 was 0.059 s, 0.195 s and 0.4 s respectively (Intel Pentium (R) CPU 2 GHz). The present method yields values for dispersion for N = 35 of the same order as those for [2] , however, the present method continues to converge monotonically below what may be considered to have been the best approximate value [6] until now.
In [2] the dispersion is found using matrix perturbation theory while the scalar wave equation is solved using the Rayleigh-Ritz procedure with Laguerre-Gauss basis functions. As the Galerkin method, which is used in our approach, is identical to the Rayleigh-Ritz variational method [24] , the difference in dispersion values is due to the difference in the techniques to differentiate the propagation coefficient. Table 2 provides a more detailed comparison of the two differentiation approaches for step-index and truncated parabolic profile fibers in the second and third columns. It must be noted again that the dispersion values are of the same order, however, for proper comparison, the computation time must be taken into account. The dispersion values have also been determined by numerical differentiation using the finite difference method, which are also provided in Table 2 . Five equidistant wavelengths were used to calculate the second order derivative of the propagation coefficient. Different step sizes, h, were considered for numerical differentiation. The corresponding computation time for each value in our method and in the finite difference method is indicated in parentheses (a hyphen means the computation time is not available). Both methods were run on the same computer. As expected, the table shows that the present method has an advantage both in terms of accuracy (as it does not approximate the derivatives while there are always errors inherent in the finite difference method) and in terms of computation time: the present method is 2-3 times faster than the finite difference method in which the eigenvalue problem is solved five times against three times in the proposed approach to calculate dispersion values. Numerical differentiation for second order derivatives based on three points which requires solving the eigenvalue equation three times gives even worse accuracy. In addition, three points are not enough to approximate the third order derivatives.
Comparison of Numerical Results with Exact Solutions Available for Step-Index Fibers
The exact solutions for weakly-guiding step-index optical fibers for various values of the normalized frequency, V , are provided in [37] . Table 3 compares the simulation results for the effective propagation coefficient, group delay and the waveguide dispersion with corresponding exact data. As can be seen from the table, for the number of basis functions N = 16 or more, the relative error, (exact valuenumerical result)/exact value, is within 1E-06, 5E-06, and 2E-02 for the effective propagation coefficient, group delay and the waveguide dispersion correspondingly. Plots of convergence of the simulated data for these parameters against the increasing number of basis functions are shown in Figure 7 . As has been noted in Subsection 3.2, unlike the case of the truncated parabolic index profile fiber when the dispersion values converge monotonically, for step-index fibers we observe slight oscillations in the dispersion parameters values.
Comparison of Total Dispersion, D, with the Approximation
The total dispersion was calculated using Equation (2) and the waveguide and material dispersion parameters were separately calculated. Figures 8 and 9 compare the total chromatic dispersion, D, with the sum of the waveguide dispersion, D w , and material dispersion, D m for step-index and parabolic index profile fibers with GeO 2 -doped core (13.5%) and pure SiO 2 cladding for a range of different core radii. Determination of the real material dispersion for an arbitrary refractive index profile structure is rather complicated. In practice, for the sake of simplicity, only the core or cladding material dispersion is usually taken into account. The waveguide dispersion is calculated assuming that the core and cladding media are independent of wavelength. Figures 8(a) and 9(a) show the effective propagation coefficient, n eff = β/k 0 , for each of the fiber designs, where curves which suddenly stop short in the cases r 0 = 1 µm and 1.5 µm indicate that the modes go beyond cut-off so that there are no guided modes in the fibers after certain values of wavelength. The solid circles indicate that single-mode propagation occurs at wavelengths longer than the marked one while at wavelengths to the left of the solid circles the fiber has more than one guided mode representing few-mode fiber operation. The waveguide dispersion, D w , is plotted in Figures 8(b) and 9(b) for step-index and parabolic index profile fibers respectively, together with the material dispersion of the core, D m , but with the opposite sign, −D m , to illustrate at which wavelengths the total dispersion becomes zero which is when the inverted material dispersion cuts the waveguide dispersion curves. Figures 8(c) and 9(c) depict the total dispersion curves, D, defined using Equation (2) for step-index and parabolic index profile fibers respectively while the dispersion curves for these fibers defined using the approximation D m + D w are shown in Figures 8(d) and 9(d) . By comparing the dispersion curves in Figure 8 (c), with those in Figure 8 (d) and the curves in Figure 9 (c) with those in Figure 9 (d), the dispersion curves obtained from the sum D w + D m can be seen to give a reasonable approximation to those found using Equation (2) . However, it must be noted that although the approximation is better for higher radii values there is still a significant difference between the corresponding dispersion values in the case of smaller radii and at longer wavelengths even in the case of larger radii. This discrepancy between the total dispersion, D, and the sum D w + D m , can be taken into account by including an additional term, a profile dispersion parameter, D P , which is proportional to d∆/dλ [45, 46] . 
CONCLUSION
A method for accurate and fast calculation of the group delay, dispersion and dispersion slope of singlemode weakly guiding optical fibers with radially arbitrary refractive index profile has been introduced which relies on analytical differentiation of the propagation coefficient. The model incorporates the wavelength dependent nature of the core and cladding materials producing total chromatic dispersion parameters for optical fibers. The method also conveniently allows the waveguide and material dispersion to be considered separately. The results are thoroughly compared to available exact and experimental data to validate the method.
Comparison to other calculation techniques shows it to be more accurate whilst providing faster convergence, faster calculation speed to aid fiber dispersion design. The method is demonstrated for parabolic, triangular and step index, single-clad, double-clad, and triple-clad optical fibers. Figure 10 . Difference between the total chromatic dispersion defined using Equation (2) 
APPENDIX A. THE DERIVATIVES OF THE MATRIX ELEMENTS
For the sake of convenience, in this section differentiation is done with respect to scaled frequencyω, defined asω = ωr 0 /c = 2πr 0 /λ and, for brevity, we replace derivatives by a prime, . The differentiation can be done in different ways depending on how the expressions are grouped. One way is presented here.
For n co and n cl : 
where Θ 1 and Θ 2 are constants:
In Equations (A26)-(A28),ḟ ,f and f ··· denote the derivatives of f with respect to its argument.
here f (1) is lim f (r/r 0 ) when r → r 0 from the left I m ij 
where x(r) is the normalized radial coordinate defined in Subsection 3.2, and the basis functions b m l (x(r)) must be chosen such that they satisfy the boundary conditions: they are finite at r = 0 and decay to zero as r → ∞. The Laguerre-Gauss polynomials which satisfy these boundary conditions are the eigensolutions of Equation (B4) for an infinitely extended parabolic refractive index profile, n(r), Figure 1 
